We consider a particular case of the two dimensional BlumeEmery-Griffiths model to study the finite-size scaling for a field driven first-order phase transition with two coexisting phases not related by a symmetry. For low temperatures we verify the asymptotic (large volume) predictions of the rigorous theory of Borgs and Kotecký, including the predictions concerning the so-called equal-weight versus equal-height controversy. Near the critical temperature we show that all data fit onto a unique curve, even when the correlation length ξ becomes comparable to or larger then the size of the system, provided the linear dimension L of the system is rescaled by ξ.
Introduction
First-order phase transitions play an important role in physics. Examples range from well known transitions in solid state physics (like ordinary melting) to phase transitions in the early universe. For many models describing such a transition, exact solutions are not available, and systematic expansions such as "weak coupling" or "high temperature series" are of limited value. In this situation, the numerical simulation of physically interesting models has gained more and more popularity. With the increasing speed of computers, the statistical errors of Monte Carlo simulations have been drastically reduced, but a systematic limitation of this method is the finite size of the simulated system. A clear understanding of finite-size effects is therefore more and more important in order to interpret the resulting numerical data.
The theory of finite-size scaling (FSS) for second-order phase transitions has a rich and longstanding literature, starting with the pioneering work of Fisher [1] and Fisher and Barber [2] . In the last ten years, the theory of FSS has been extended to first-order transitions. For systems with two coexisting phases, three main approaches can be distinguished in the literature: the phenomenological renormalisation group approach to FSS of Berker/Fisher [3] and Blöte/Nightingale [4] , the thermodynamic fluctuation theory for the order parameter distribution P V (s) of Binder and co-workers [5, 6, 7] and the transfer matrix method of Privman and Fisher [8] , see Refs. [9] and [10] for reviews.
Recently, the theory of FSS near first order transitions has been put on a rigorous basis [11, 12] within the context of the Pirogov-Sinai theory [13] which applies whenever it is possible to describe the configurations of the system in terms of energetically unfavourable contours. Typical models to which these methods can be applied are field-driven transitions in low temperature spin systems with discrete spins, temperature-driven transitions for Potts models, lattice field theories with double well potential, Higgs/confinement transitions in large N lattice gauge theories, and certain 2d continuum field theories, such as P (φ) 2 field theories in the broken phase and supersymmetric Wess-Zumino models.
In the context of the field-driven transitions with two coexisting phases considered in this paper, the main result of Ref. [11] can be summarized by a formula of the form
for the partition function in a cubic volume V = L d with periodic boundary conditions [14] . Here L 0 is a constant of the order of the infinite volume correlation length, and f m (β, h) is some sort of metastable free energy for the phase m. It is equal to the free energy f (β, h) if m is stable, strictly larger then f (β, h) if m is unstable, and may be chosen as a smooth function of h. The finite size scaling of the partition function and its derivatives is obtained by expanding f m (β, h) around the transition point h t .
In a recent paper [16] , we have analysed a controversy stemming from the work of Binder and co-workers: within the phenomenological fluctuation theory for the order parameter distribution P V (s), different formulae for the FSS of the order parameter are obtained assuming different ansätze [6, 7] for the relative normalisation of the two Gaussians. If the normalisation is chosen in such a way that both Gaussians have equal weight at the infinite volume transition point h t , the resulting formula for the magnetisation in a cube with periodic boundary conditions leads to the prediction [6] that the shift of the susceptibility maximum with respect to h t is proportional to L −2d , while a normalisation with equal peak height at h t leads to the prediction [7] that this shift is proportional to L −d .
To some extent, this controversy had already been resolved in Ref. [11] , where it had been shown that the predictions of the equal weight prescription agree with those following from equation ( to test the predictions following from (1.1) in an actual numerical simulation in order to definitely settle the controversy between [6] and [7] .
This was done in [16] . We considered a spin model with spins s x ∈ {−1, 0, 1} and Hamiltonian
where the first sum goes over the set of dL d nearest neighbours in V and
It is defined in such a way that boundaries between −1 and 0 or +1 are energetically unfavourable, while boundaries between 0 and +1 do not cost energy. As a consequence, the low temperature phases of the model consist of a phase "minus" corresponding to spin configurations where most spins s x are equal to −1 with small islands of 0 or +1, and a phase "plus" corresponding to spin configurations which are a mixture of 0 and +1 with small islands of −1. The phase minus is stable as long as h is smaller then a certain critical value h t = h t (β), while the plus phase is stable for h > h t .
Because in the "plus" phase spins can be flipped from 0 to +1 without creating any energetically unfavourable boundaries we expect the magnetic susceptibility of this phase to be larger than that of the "minus" phase.
A large susceptibility difference between the phases is desirable because it leads to a clear difference between the predictions of the equal-weight and equal-height theories of first order finite size effects.
This model is a special case of the Blume-Emery-Griffiths (BEG) model [17] , which is the most general model with a three-valued spin and nearest neighbour interactions. The general BEG model has a complicated phase structure, with up to three coexisting phases. Here we have chosen the coupling constants in such a way that the model has two coexisting phases at the phase transition point h t , with a large susceptibility difference.
In [16] , we simulated the model (1.2) in d = 2 and determined the shift of the susceptibility maximum with respect to h t . For β = 0.5, and lattices with linear dimensions L from 4 to 30, we found overwhelming evidence for the equal weight prescription, as to be expected from the rigorous results of Ref. [11] . We summarize the main results of Ref. [16] , as well as certain extensions (in particular to β = 0.45 and β = 0.47) and refinements in Section 3.
In [16] , we did not analyse, however, other finite-size scaling predictions following from equation (1.1), such as the volume dependence of the susceptibility-maximum, or the volume dependence of the susceptibility at the transition point h t . In view of the results of Billoire and co-workers [18] , who found that the corresponding asymptotic scaling form for two dimensional Potts models was only reached for systems of linear dimensions L as big as 5 to 10 times the correlation length ξ of the infinite system, it seems highly desirable to check more finite-size scaling predictions for the model considered above. This will be done in Section 4.
As we will see, the asymptotic FSS-form obtained from equation ( near T c (we did do a third simulation for β = .45, corresponding to ξ = 13.5096...). For these temperatures, however, a scaling ansatz using the length scale ξ to rescale all lengths in consideration, should be reasonable.
In fact, we will see in Section 5, that this ansatz allows to fit all data onto a unique curve which describes the crossover between first and second order phase transitions.
The Model and its Relation to the standard Ising Model
In the next three sections, we will analyse the FSS for the model (1.2).
We recall that the low temperature phases of the model consist of a phase "minus" corresponding to spin configurations where most spins s x are equal to −1 with small islands of 0 or +1, and a phase "plus" corresponding to spin configurations which are a mixture of 0 and +1 with small islands of −1. As we will see below, it can be shown that for β > β c , where β c is the critical temperature of the Ising model, the phase minus is stable as long as h is smaller then h t = −β −1 arsinh(1/2), while the plus phase is stable for h > h t . At h = h t , the infinite volume magnetisation jumps from a value
In order to compare the predictions of FSS theory with numerical data, one needs the numerical values of the infinite volume magnetisation m ± and susceptibility χ ± at the point h = h t ± 0. As shown in [16] , these constants can be obtained as follows: Let Z(V, β, h) be the partition function of the model (1.2), and let Z I (V, β, h) be the partition function of the standard Ising model. Then Z and Z I are related by the formula
As a consequence, we obtain the free energy f (β, h) of the model (1.2) in terms of the free energy f I (β, µ) of an Ising model with magnetic field µ
In a similar way, it is possible to relate the correlation length ξ and the interface tension σ of the model (1.2) at h = h t to those of the Ising model at zero field. One finds
Recalling that phase transitions are associated with singularities of the free energy, we can read off the phase diagram of the model (1.2): It has the same critical temperature as the Ising model, while h t is just the point where µ(β, h) is zero, i.e.
Differentiating equation (2.1c) with respect to h and taking the limit h → h t ± 0, we finally obtain m ± and χ ± . In terms of the magnetisation m I = m I (β) and the susceptibility χ I = χ I (β) of the Ising model at µ = +0 one gets
Note that the difference χ + − χ − does not involve the constant χ I ,
We have simulated the model (1.2) in d = 2, where m I (β) and ξ I = 1/2σ I are exactly known [19] ,
In order to compare FSS theory to numerical data, we will also need χ + and χ − . Unfortunately, the susceptibility χ I (β) of the Ising model is not exactly known. We therefore used the low-temperature series for χ I (β) found in [20] together with the method of Padé approximants [21] to calculate χ I (β).
As in [22] , we embodied the knowledge of the exact transition point and critical exponent in our approximation. The result is
where u = e −4β , and p n , q n are given in table 1. The factor 1 − 6u + u 2 has a simple zero at β = β c , ensuring that
It is amusing to note that a Padé approximant of the form (2.6) delivers the exact formula (2.5a) for m I if used on the strong coupling series for magnetisation. 
Equal Weight versus Equal Height
In order to obtain the FSS of the order parameter distribution P V (s)
of an order parameter s (e.g. s = 1 V s x is the magnetisation per lattice site for spin models ) in a cubic system with periodic boundary conditions and volume V = L d , Binder and Landau approximated the probability distribution P V (s) by a sum of two Gaussians, centered around the infinite volume magnetisation m − and m + . As for the relative normalisation, in the original version [6] they added up two normalised Gaussians so that at the transition point h t each of the two coexisting phases contributes with the same weight. Following this "equal weight"-rule [6] one gets
where χ ± are the infinite volume susceptibilities at the point h t − 0 and h t + 0, respectively, and N = N (β, h) is chosen in such a way that P V (s) is normalised. Led by mean-field arguments they revised this version for the relative normalisation, adding up the two Gaussians in such a way that the peak heights are equal at the transition point h t . Following this "equal height"-rule [7] P V (s) turns out to be
It is an easy exercise to calculate the FSS for the finite volume magnetisation m(V, h) = sP V (s)ds following from (3.1a) and (3.1b). For the point h χ (V ) where the susceptibility χ(V, h) = dm(V, h)/dh has its maximum, a lengthy but straight-forward calculation gives the FSS predictions
respectively. We emphasize that the shift predicted by the "equal weight"-rule [6] is proportional to 1/V 2 while the shift predicted by the "equal height"-rule [7] is proportional to 1/V . (For symmetric phase transitions both rules are equivalent and predict that h χ (V ) = h t .) 
Open points are Monte Carlo results, solid points are exact results (see appendix). The solid line is the theoretical prediction (3.2a), while the dashed
line is the prediction (3.2b).
We have tested the predictions (3.2) for three different temperatures, namely for β = 0.45, β = 0.47 and β = 0.5. In our simulation we first generated the probability distribution P V (s) for L = 4, 5, ..., 12, 14, 18, 30 at h = h t using a multimagnetical version [23] of the heat bath algorithm.
Applying the reweighting technique of Ferrenberg and Swendsen [24] , we obtain the probability distribution P V (s) and hence the magnetisation, Convinced of the "equal weight"-rule we tried the new method to determine the transition point h t of first-order phase transitions recently proposed by C. Borgs and W. Janke [25] . This method just uses the fact that both phases should have equal weight at h = h t . To be precise, one defines a finite volume transition point h EW (V ) as the point where
Here s min , s − < s min < s + , is the point s where the distribution P V (s) has its minimum. According to Ref. [25] , it is expected that the systematic errors |h EW (V ) − h t | are exponentially small. Here they are so small that h EW (V ) agrees with h t within the statistical errors as soon as L/ξ is noticeably bigger then one (see Table 2 at the end of this paper).
Asymptotic First-Order FSS-Scaling
In this section we test the FSS predictions following from (1.1) by
Taylor expanding f ± (β, h) around h = h t ,
For the maximum χ max (V ) of the susceptibility, its position h χ (V ) and the magnetisation m(h χ (V )) at the point h χ (V ), the FSS predictions following from (1.1) are
It is also interesting to analyse the FSS of the susceptibility and magnetisation at the infinite volume transition point h t (for systems where h t is not known exactly, one could use the point h EW (V ) introduced in [25] ).
Due to the exponentially small error bound in (1.1), the corrections to the known leading order FSS predictions are exponentially small
Note that the error bounds in (4.5) and (4.6) are only bounds. For the model considered here, the value of m(h t ), e.g., is in fact exactly (m + − m − )/2, due to (2.1) and the fact that the finite volume magnetisation with periodic boundary conditions and no external field is zero for the standard Ising model. The corrections for χ(h t ), on the other hand, are expected to be asymptotically proportional to L α e −L/ξ , with a constant α not necessary equal to the worst case bound (4.6).
In addition to the FSS of the susceptibility and magnetisation, we also analyse the FSS of the cumulant U V introduced by Binder [5] . It is defined as
Here · c denotes connected expectation values and M = x∈V s x . By the inequality
2 ) the cumulant U V cannot exceed the value 2/3. In the high temperature region, where the asymptotic probability distribution of M is gaussian, U L goes to 0 in the infinite volume limit for all h, while in the low temperature region considered here 8) implying that U V goes to 2/3 at the first order transition point h = h t if V → ∞. At the second order transition point h = h t , β = β c the cumulant U V is expected to go to a non-zero limit strictly smaller then 2/3.
In most theories h t is not known. Instead of U V (h t ), it is therefore more natural to consider the maximum U max V of U V as a function of h, and its position h U (V ). Again, the FSS of these two quantities can be obtained from (1.1). One obtains Table 2a -c.
We show both the theoretical prediction according to (4.2) through (4.10) and our numerical results for h χ (V ), h U (V ), m(h χ (V )), χ(h t ) and As a first point we want to stress that our theoretical calculations predict that both h χ (V ) − h t and h U (V ) − h t go to zero like 1/V 2 , a peculiar feature of an asymmetric first order transition with two coexisting phases 1 . Indeed, our numerical data conform with this prediction, see show a blow up of this figure in Fig. 2b . Unfortunately, the statistical errors for the corresponding data points are so big that our data for h χ (V ) and h U (V ) agree for the last five lattice sizes L =11, ..., 30, see Table 2 .
We therefore decided to present data points from an exact transfer matrix calculation in Fig. 2b . As can be seen from the figure, these data are in perfect agreement with the theoretical predictions (4.2) and (4.9).
Next, we point out that the volumes for which the asymptotic FSS according to (4.2) through (4.10) sets in depends strongly on the considered quantity. While the asymptotic regime corresponds to L/ξ ≥ 1 − 2 for This conforms to the results of Gupta and Irbäck, who observed similar effects for a symmetric field driven transition [26] .
A last point of interest is related to the determination of the transition point h t as discussed at the end of the last section [25, 27] . In addition to the point h EW (V ) defined in (3.3), one may consider "single peak" magnetisations and susceptibilities m ± (V ) and χ ± (V ) defined as
and
where P ± V is the normalised probability distribution of the left and right peak, respectively. More explicitly, (4.13) and similarly for χ ± (V ).
The corresponding data can be found in Table 2a -c as well. An inspection of these data for β = 0.50 shows an interesting feature. For small system sizes, χ ± (V ) are smaller then the infinite volume values χ ± , and m + (V ) > m + and while m − (V ) < m − . As the system becomes larger, all these quantities approach the infinite volume value, and in fact overshoot, before they finally approach the infinite volume limit from the other side, see Fig. 6 . We have observed the same effect for even lower temperatures (where our exact transfer matrix calculation can easily reach the asymptotic regime), and we expect that it occurs for all temperatures β < β c provided the lattice is chosen large enough.
We think that this effect is due to the competing influence of two finite-size effects for the probability distribution P V (s). One of these effects concerns the fact that the single peaks P 
The Crossover from First-to Second-Order FSS
We have seen that the formulae of sections 3 and 4 break down when the correlation length ξ becomes comparable with the lattice size L. In this section we try to explain finite size behaviour in this large ξ region.
In Fig. 7 we show the susceptibility at h t as a simulations of the two dimensional Ising model [23, 29] . What we see is that on small lattices the curves are all rather similar, independent of whether β is above, below or at the critical point. This is indeed reasonable, on a finite lattice all physical quantities are analytic functions of the coupling constants so there can be no sharp distinction between the first order phase transition above β c , the second order phase transition at β c or the rapid crossover (without a phase transition) seen below β c .
This suggests that we should try to understand this region by using the results of the finite size scaling scaling theory in the neighbourhood of a second order phase transition. (For reviews see [10, 28] ). We expect this theory to apply whenever the correlation length ξ and lattice size L are both large compared to the lattice spacing.
The basic hypothesis is that when the correlation length is large enough thermodynamic properties are no longer dependent on the lattice spacing itself. By this is meant that instead of being a function of the three parameters β, h and L the free energy and correlation length become functions of only two variables, i.e. 
where the thermodynamic variables are t ≡ (β c − β)/β and H ≡ h − h t , and γ,β and ν are the critical exponents of the model (1.2), which (as explained in section 2) are the same as those of the Ising model, namely γ = 7/4, β = 1/8 and ν = 1. (It is unfortunate that the traditional symbol for inverse temperature and that for the critical exponent are both β, we hope that the context will always make it clear in which sense β is to be understood.)
Differentiating the free energy leads to a scaling form for the magnetic
(The "hyperscaling" relationship 2β + γ = dν has been used to simplify this expression.) A simple test of the scaling form (5.2) comes from our data at h = h t . The finite size scaling prediction is
i.e. that all data should lie on a universal curve if
The results are shown in Fig. 8 . In place of tL 1/ν we have used the somewhat more physical coordinate
This is possible in this model since we have an exact expression (2.5b) for the correlation length. (The factor −2 in the symmetric phase is there to ensure that the x-coordinate is an analytic function of β.) We see that the data do indeed fall on a universal curve. (Some deviation is seen at β = 0.50, which is to be expected since the correlation length is only ≈ 2.19). The curves predicted by the ansatz (3.1a) for first order phase transitions are also plotted in this figure. We see that the predictions are reliable as long as L/ξ > 4. The asymptotic results calculated in section 3 allow us to say more than the scaling hypothesis (5.1), because they give us the large x asymptote of the scaling functionχ(x, 0). The scaling form (5.2) also has implications for h χ , the position of the susceptibility maximum.
Taking higher derivatives of the free energy leads to scaling expressions for any cumulant of the magnetisation distribution, in particular to a scaling expression for the Binder parameter
and its maximal value
The magnetic field at which U V reaches its maximum is given by a relationship of the form (5.5).
The scaling predicted in (5.6b) is tested in Fig. 9 . As in section 4 we find that larger lattices are needed to see finite size scaling for U V than for χ. Scaling only works well on lattices with L larger than about 5, on smaller lattices the value of U max V lies noticeably below the scaling curve. 
Appendix -Exact Calculations
Naively one might think that exact calculations of the partition function for our model would be completely impractical, since the number of configurations that need to be considered is 3 The essential insight is that the partition function for a lattice spin model can be calculated recursively, see [30, 31] .
Suppose that the partition function Z N for the N site sub-lattice shown at the top of Fig. 10 is a known function of the spins on the boundary, (σ 1 to σ 2L ). The spinsσ in the interior of the lattice (the gray region) have been summed over. Periodic boundary conditions in the x direction are to be understood.
The lattice size is next increased by one by adding the new spin σ ′ j . The energy difference, δH, between the new lattice and the old lattice depends only on the boundary spins, not on any of the interior spins (in the example shown the energy change depends only on the three spins σ j−1 , σ j and σ ′ j , and it is also true for the special cases of the first and last spin in a row that only boundary spins are involved in the energy change).
Finally we can find the partition function for the larger lattice by summing over σ j . Algebraically 
The recursion can be started from the fact that Z 0 (the partition function of a lattice with no spins) is 1.
In our implementation of this procedure the amount of calculation Even though the calculation grows exponentially we were able to handle surprisingly large lattices, with sizes of up to 14 × 14, without needing a supercomputer.
Once we have found the multiplicity of states N I (E, n − ) for the Ising model it is a simple matter to use the binomial distribution to calculate the corresponding multiplicities for our model (1.2)
Here E is the number of broken bonds and n − , n 0 and n + are the number of spins of a given type. We have a simple relationship of this type because boundaries between spin 0 and spin +1 entail no energy cost while the energy cost for boundaries between spin −1 and either of the other two spin types is the same in both cases. It is a simple matter to derive relationships between partition functions and magnetisation histograms of the two models by summing (A.3) over (some of) its arguments. (22) .611434 (11) .611349(12) 7 -1.068851 (22) .614893(07) .614841(10) 8 -1.069093 (25) .617588(09) .617564(10) 9 -1.069191 (16) .619833 (10) .619818(11) 10 -1.069244 (15) .621759 (16) .621748(18) 11 -1.069313 (21) .623476(09) .623473(10) 12 -1.069335 (20) .625052 (16) .625051(16) 14 -1.069359 (17) .627860 (11) .627860(10) 18 -1.069345 (11) .632589 (14) .632587(13) 30 -1.069361 (13) .642953 (22) .642953(36) .6486261 (28) .6486061(09) 9 -.962298(32) .6515315 (27) .6515180(07) 10 -.962337 (23) .6538180 (23) .6538081(06) 11 -.962365 (20) .6556541 (31) .6556476(04) 12 -.962413 (17) .6571408 (20) . 
